Partition Functions and Ideal Gases PFIG-1

You've learned about partition functions and some uses, now we’ll explore
them in more depth using ideal monatomic, diatomic and polyatomic gases!

Before we start, remember:

What are N, V, and T?

o,y - 3D

We now apply this to the ideal gas where:

1. The molecules are independent.
2. The number of states greatly exceeds the number of
molecules (assumption of low pressure).



ldeal monatomic gases PFIG-2

Where can we put energy into a monatomic gas”?

& = + &

atomic trans elec

Only into translational and electronic modes! ©

The total partition function is the product of the partition
functions from each degree of freedom:

Q(>/,T) = qtn\m(\/,T)qelec(\/,T)

Total atomic Translational atomic  Electronic atomic

partition function  partition function partition function vy

<}
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We'll consider both separately...



Translations of Ideal Gas: Uy (V.T) PFIG-3

— P&
General form of partition function: Ui ans = Ze Pean

states
Z
Recall from QM slides...
> X
a
2
Eirans — i > (ni + nf, + nzz) n.n,,n, =12,...,00
3ma

So what is (4 ?




a+b+c

Recall: 77'¢ = g?e"¢®

00 00 ﬂthZZ
q”a“f,;e’(p( 8ma’ jZex 8ma’ Zex[ 8ma’ )

All three sums are the same because n,, n, n, have same form!
We can simplify expression to:

Oyrans V5 T) = iexp(_ il r]2 j




Qrqns 1S Nearly continuous PFIG-5

3
We'd like to solve this expression, Ah’n?
but there is no analytical solution Grans (V2 T) = ZGXP 8ma?
for the sum!

No fears... there is something we can do!

Since translational energy levels are spaced very close together, the
sum is nearly continuous function and we can approximate the sum as
an integral... which we can solve!

3
h°n’? ﬂ Work the

3ma? integral

qtrans (V ’T) — |:oj3 dn exp(_

/.

Note limit change

27mKgT
only way to solve but adds Qans V. T) = ( j \[/

very little error to result h < IA% X

as AN



Translational energy, (Eyan ) PFIG-6

With q we can calculate any thermodynamic quantity!!

In Ch 17 (BZ notes) we showed this for the average energy ...

3/2
< tranS> K Tz(glnqtransj here... qtrans(V’T):(ZMkBTj \Y
or )y

h2

3/2 ]
enme) =keT2| -2 I T3’2(27m;kBj v
oT h V

(Eyans) =KsT (ﬂlnT?”zj =k,T (iEInTj
oT y oT 2

<g > — E kT As we found in BZ notes!
trans/ o 7B (Recall: this is per atom.)

W W
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ldeal monatomic gas: U...(V.T) PFIG-7

Next consider the electronic contribution to Q: qelec

Again, start from the general - — P
form of g, but this time sum Qetec = Z J.i€ X
over levels rather than states: levels /‘ Energy
of level i
Degeneracy
of level i

We choose to set the lowest electronic energy state at zero, such that all
higher energy states are relative to the ground state.

&, =0

For monatomic gases!
Www
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Can we simplify Qgje.?

TABLE 4.1 (18_1)

Some atomic energy levels.”

= —pse —Pee
qelec(T)_ge1+geze 82+ge3e “e3 4.

Electron

terms are getting small rapidly...

Degeneracy

& =2l 4]

Energy/cm '

Atom configuration
. H ls
The electronic energy levels 2
are spaced far apart, and .
. 2p
therefore we typically only T
need to consider the first 152p
term or two in the series... | "
I:s"‘;p
1523
General rule of thumb: E Wia'ep

At 300 K, you only need to keep terms 152252 p*3s
where ¢, < 10° cm™ (e > 0.008)

I~

FO SO T

[ QN EN 6 I S

oS

I

[ G T = S (N T <N

0.
82258.907
82258.942

82259.272

0.
159 850.318
166 271.70

0.
14 903.66
14904.00
27206.12

0.
404.0
102 406.50
102681.24
102 841.20
104 731.86
105 057.10

“From C.E. Moore, “Atomic Energy Levels” Natl. Bur: Std, Circ. 1 467,

U.S. Government Printing Office. Washington D.C.. 1949

Copyright 2003 USB
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A closer look at electronic levels...

T 4.
— _ﬁgeZ _:Bge3 Saiful;iin:ﬂ:' LSI;IL‘I8'L'.\1 I)u\c[x."'
qelec(T) - ge1+9e29 +ge3e + ... &!

PFIG-9

Energy/cm '

Atom
General trends, §
1. Nobel gas atoms: .
€.,0= 10° cm (at 300K, keep ___term(s))
Li

2. Alkali metal gas atoms:
€.0 = 10% cm' (at 300K, keep ___term(s))
3. Halogen gas atoms: I;
€.0 = 102 cm' (at 300K, keep ___term(s))

Electron Degeneracy
configuration 2. =20
ls 2
2p 2
25 2
2p B
15 I
1s2p 3

I
15225 2
1s*2p 2

4
15735 2
%352 4

2
15°25%2p*3s 6

4

2

4

.

0.
82258.907
82258.942

82259.272

0.
159 850.318
166 271.70

0.
14 903.66
14904.00
27206.12

0.
404.0
102 406.50
102 681.24
102 841.20
104 731.86
105 057.10

oore, “Atomic Energy Levels™ Natl. Bur. Std, Circ. 1 467,
U.S. Government Printing Office, Washington D.C., 1949

Copyright 2003 USB
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Final look at e PFIG-10

In general it is sufficient to keep only the first two terms for OIe|eC

qelec (T) ~ gel T geZe_IBgez

However, you should always keep in mind that for very high
temperatures (like on the sun) or smaller values of ¢ (like in F) that
additional terms may contribute.

If you find that the second term is of reasonable magnitude (>1% of
first term), then you must check to see that the third term can be
neglected.

W W
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Finally... we can solve for Q! PFIG-11

For a monatomic ideal gas we have:

Q(N ,V,T) — (Qtrans(\/’T)l\Cllclelec(V’T))N

with

3/2
ZﬂkaTj y

qtrans(viT):( h2

qelec (T) ~ gel T geze_ﬁgez



Finding thermodynamic parameters... U PFIG-12

We can now calculate the average energy, U =(E)

Q(NsV’T):q(VI\’l-Il-)N q(V’T)=qtrans(V1T)qelec(V!T)
Ol A B 51 (/ al\
U:<E>:kBT2( ”Qj :NkBTZ( A j :NkBTZ( nq”ansqe'%j
or )y oT ), oT '

Plug in Q;5,s @Nd Qgjec ---

3/2
U= NkBTZ[ﬁiTIn[( Zm:]]i(BTj V(gel + geze‘ﬂgez )D

\
—Peer Electronic
U = E Nk.T + NGepte,® " contribution
9 B q typically small

elec (i.e., negligible)

3 — 3
So... U~=—=NkT or U=—RT Ty

2 / 2 e

molar energy S



Finding thermodynamic parameters... C,,

Molar heat capacity for a monatomic ideal gas:

<
dT )y

3xr)|
Cy = =—R
dT 2
N,V
3
Could also find heat capacity: CV — E NkB

PFIG-13



Finding thermodynamic parameters... P PFIG-14

Q(NsV’T):q(V’T)N q(V’T)=qtrans(V1T)qelec(V!T)

P N!\ /

P = kBT(aanj — NkBT(alnqj — NkBT(aln(qtransqelec)j
N I+ N - ]

oV

Plug in Q;5,s @Nd Qgjec ---

0 2amk. T\ W o
P = NkBT[a_VInL( h2 : J /V (gel +0e.€ i )]] = NkBT(@_VIan
T

Only function of V

NkBT or P — E
V / V

Look familiar?? molar pressure !

So... P=



ldeal Monatomic Gas: A Summary PFIG-15
Partition Function: Q(N,V,T) = q(V’T)N

N!
3/2
Chrans (V1 T) = (27”2'; BT) Vo Oaec(T) ® Qe + €

<66 O wol4

3 (moI??r)
Energy U= 5 NkgT U = > RT
— 3 — 3
Heat Capacity Cy = 2 NKg C, = > R
— RT
P P = Nk T P=—_
ressure Y Y



Adding complexity... diatomic molecules PFIG-16

In addition to trans. and elec. degrees of freedom, we need to consider:

1. Rotations <« Rigid Rotator Model
2. Vibrations « Harmonic Oscillator Model
gdiatomic o gtrans T ‘S/:rot T gi/ib T gelec
Translational Rotational Vibrational Electronic
Total Energy EnergyI Energy Energy Energy
7\ (OmmnQ))
c |y X
» X X JIRY ]
a \/ Yy

L}



Diatomic Partition Function PFIG-17

Q. What will the form of the molecular diatomic partition function be given:

= +&

gdiatomic trans

Ans. CI(V 1T) = Otrans Yrot Yvib Getec

rot T EVib T Eolec ?

Q. How will this give us the diatomic partition function?

N
Ans. Q(N,V,T)= (qtransqroth\I/ibqelec)

Now all we need to know is the form of Girans , Yrot , Yetec , and Gy, -

Start with Yirans: This is the same as in the monatomic case but with m = m,+m,)!

2 (m, +m,)K,T jmv

qtrans(V’T):( h2

W W
<}

L}



Diatomic Gases: (...

We define the zero of the electronic
energy to be separated atoms at

rest in their ground electronic
energy states.

With this definition,
&, =—D,

1

And...

D, /KgT

qelec(T) ~ gele +(geze

g, IkgT )

Note the slight difference in g,

between monatomic and diatomic

gases!

PFIG-18

Figure 18.2



Diatomic Vibrations, g, PFIG-19

The harmonic oscillator approximation is used to describe vibrations.

Recall from QM notes:  &;, = hU(V -|-%) v=0,1,2, ...
and levels are degenerate...

Plug ¢, into q,,,, summed over states..

Qyib (T) — Ze Peun — Ze_ﬁ — e_ﬂhU/z Ze—ﬂ(V)hU

states,v v=0

1

For Xx=e"" <1
1-x

Using relationship: ix” =

e—ﬂhu/Z e—ﬂhu/Z

1_e_ﬂh0 qVib(T)zl_e—ﬂhu

Qyip (T) = e_ﬂhU/zZ g PV =
v=0




Vibrational Temperature, 6, PFIG-20

It is common to define a 0 ho
vibrational temperature, vib T K What are the units of 6,;,7
B

We can write g, in terms of 6,,,...

e—,Bhu/Z O, = hol kB —Oyip /2T

€
qvib (T) — l_e_ﬂhu " qvib (T) —

1_ e—@)vib /T

W W
<}

L}



(e4) and Cy iy PFIG-21

From the partition function, we can calculate the vibrational contribution
to the ensemble average energy:

oln g O /2T
< Vlb> Nk T2 a_l(_:‘vib Oyib (T) = 1_e_®vib/T
(£,5) = NKq Ouo , O
V|b ! O /T
2 e 1
And...
_ di{g.
CV vib <8V|b> —
| dT
|~ XAT Y
'

Quotient Rule!



Cyvib PFIG-22

C. 2 —Oy /T
CV ,vib ®Vib e VP

R T (1_ 0O/ T )2

Classical limit (at high T), C, ;, = R
Figures 18.3 and 18.6

Cy/R

1t | 1
—
0.8 1 0.8
= (a4
0.61 QD; U> 0.6
0.4r 1 04
—
0.2r 05
0 I 2 3 0 . |
T/ . 0 200 400 600

T/K

What is the difference in WWW
these three sets of data? ——



Fraction of population in state v, f, PFIG-23

e—ﬂhu(v+%)

f = —(1— e /T }avOus/T This is also

known as...?

V
qwb cO
1 1
®  =3103K ®  =3103K
vib vib
ranie a3 (Table 18.3) 0.5 T=300K w> 0.5 T=1000 K
The fraction of molecules in excited vibrational states at 300 K and
1000 K.
Gas O, /K f.o (T=300K) f_, (T =1000K)
H, 6332 1.01 x 10 2.00 x 107 O 1.2 3 4 5 6 0 1 2 3 4 5 6
HCI 4227 7.59 x 107 1.46 x 107
N, 3374 1.30 x 10 3.43 x 107 |2
CcO 3103 3.22 x 10°~° 4.49 x 1072 1 1
Cl, 805 6.82 x 1072 4.47 x 107" ® =308K ® N =308 K
I 308 3.58 x 10~ 7.35 x 107! vib vi
Copyright 2003 USB, > 0.5 u— 0.5 T=1000 K
_1 f _ 0 - OI..---_
v>0 1o — 4 5 6 0 1 2 3 4 5 6
r ™




Diatomic rotations, g, PFIG-24

We use the rigid rotator approximation. (Which is...?)
hZ
£ :EJ(J +1) J=012,.. g,=2J+1

Plugintoq,, . . .

o (T) = 20 (2 422007
J=0

Like the vibrational... we define a rotational temperature:

0., bECOMES:

Qo (T) = D (23 +1)e 20 s
J=0



Diatomic rotations, g, PFIG-25

This series does not have a simple

closed form Part of Table 18.2

Molecule © . /K ® /K
Q. How did we get around this problem for ¢,;.,;? |, 633 25 3
A. D, 4480 42.7
Cl, 805 0.351
Br, 463 0.116
[ 308 0.0537
0, 2256 2.07
N, 3374 2.88
CO 3103 2.77
NO 2719 2.39
HCl 4227 15.02
HBr 3787 12.02
HI 3266 9.25
Na, 229 0.22]
K, 133 0.081
T 21k, T ,
Ua =g =2 I O <<T e

rot



(£t) and Cy PFIG-26

At room temperature (or higher), ® ., << T is a good approximation for
most molecular rotations... We will assume we are in this high temperature
limit to find <8mt> and C, ;.

Rotational energy:

(&) = NKgT

2 0Ny _ NK.T dlng-
oT oT

e (O . d<grot>
Molar heat capacity: C, = =——+

dT A diatomic has 2
degrees of rotational
freedom, each
contributes R/2 to
molar heat capacity. —a



Fraction in level J, f, PFIG-27

fJ _ (2J +1)e—®rotJ(J+1)/T _ (@rot j(z\] _|_1)e_®rot‘](‘]+1)/T
CIrot T

This is also known as...?

0.1~ . ‘ ‘
CO ®r0t = 2.77 K

0.08"

T=300K

0.06
Example: CO at 300 K -~

—

0.04}

0.02r

0



Rotational Symmetry Number PFIG-28

Due to quantum mechanical considerations beyond the scope of this course,
we need to add a symmetry number to the rotational partition function,

T o=1 Heteronuclear diatomic

ot :O® )

/ rot

Symmetry number

o =272 Homonuclear diatomic



Diatomic: Put it all together PFIG-29

C](V ’T) — qtransqrotqvibqelec

T e_®vib/2T
50 1_g OwT 9

rot

D, /kgT

27(m, +m,)k, T T’ZV

OI(V,T)=( 2



ldeal Diatomic Gas: A Summary PFIG-30

N
Partition Function: Q(N,V,T)= q(VN-II-)
— .
o 27(m, +m, )k, T\ T g O /2T
(?) q(\/’T):( ( l h2 2) : j V.O®rot .1_e_®vib/T .geleDe/kBT
xﬁ-/
3 ® . oy e—®vib/T
Energy U=—RT+RT+R V'b-I-R b 0. /T —NADe
2 1_ e vib
B 5 O 2 e—®vib/T
Heat Capacity CV =—R+R vib >
9 T (1_ o O /T )
i< TAX )

Pressure: Think about your homework... what would it be? o

L}



Polyatomic Vibrations

PFIG-31

Remember... for polyatomic vibrations we divide the motions into normal
modes and express the coordinates as independent harmonic oscillators...

:Za;huj(vj +%)
=

v, =0,1,2, ...

What will the form of the partition function be?

(o) = NkZ V'b‘

Heat capacity

A
®V|b je “Ow)
Vlb J/T _1
CV vib NkBZ

What is a for H,0?

Polyatomic vibrational energy

e vin,j /T

®vib,j
T

jz (1 :

e_®vib ,j/T )2

W W
R




Example: Contributions to C,, ;,

Degenerate, 6, = 954 K

1.2

Vertical bend Horizontal bend
—

tvib =954 K
— = tvib =1890 K
- = +tvib =3360 K

1000 1500 2000
T/IK

PFI1G-32

3n-5 = 4 normal modes

()WbJ 2 e—CNmJ/T
T (1_ e )2

= Nk; >

M=
N

Symmetrlc stretch, 6, = 1890 K

Asymmetric stretch, 6,;,, = 3360 K

W W
R



Polyatomic Rotations PFIG-33

Linear polyatomics: The result is the same as that for a diatomic rigid rotator.

T oc=1 COS

qrot — G@ y o =2 C02

rot

Nonlinear polyatomics: For each of the 3 degrees of rational freedom (A, B,
and C), we have a separate moment of inertia and a separate rotational
temperature,

IA — IB — IC ®rot,A — ®rot,B :®rot,C
IA — IB a IC ®rot,A — ®rot,B a ®rot,C
IA a IB a IC ®rot,A = ®rot,B a ®rot,wa

R



d,,; for polyatomic rotations PFIG-34

1. From QM, get energy levels (remember, the equations differ for each case!):

2
for the spherical top: ¢ :Z_IJ(J +1) J=012,.. 0;= 2J +1

2. Pluginto:  (, (T) = Z gJe_ﬂgrot

levels,J

— s
3. Assume 6, << T & approximate sum as integral: U (T)= IngJ e
20T 3/2
4. Work the integral... | 0, (T) = [ j Spherical top
o ®rot
1/2 1/2
Orot (T) — z [ ! ]( T ] Symmetric top
o ®rot,A ®rot,C
1/2 T3 1/2 .
Oy (T) = Asymmetric top \&s i
®rot A®rot B®rot C o




Rotational contribution to U and C,, PFIG-35

Oyt (T) = [ j Spherical top
o ®rot
1/2 1/2
Orot (T) — z [ ! ]( T ] Symmetric top
o ®rot,A ®rot,C
1/2
O (T) = a [ r ) Asymmetric top
o ®rot,A®rot,B®rot,C

Urot — <‘9rot> — kBTZ(

aln qrot
oT

°'n ojeo
b woi

)

<1

Note: These results are
due to our assumption that
the distribution of levels is
continuous (6., <<T).

rot

W W
<}

L}



Summary: Polyatomic Gas PFIG-36
qVv,T) = [Zﬂ(M)kT) V. T ?ﬁ[ e_®Vib’J_/2_T ]'geleDe/kBT

. h O®rot 1- e_®\”b'] "
Linear _ 5 3-5( @ . . . .
Polyatomic U ZERT + RZ( P V;t/”T’ i N,D,
- e vib —
i 2 Oy /T
5 3n-5 @ o e vib, j
-~R+R Z — —
2 T (1_e_®vile/T)
27r(|\/|)k T 3/2 7[1/2 T3 12 3n-6 e—®vib,j/2T o T
T B V. . . e/ke
(V ) ( h j o [®rot,A®rot,B®rot,CJ H(l_e®Vij/Tj gele
Nonlinear _ 05 O, - O
Polyatomic U =3RT + RZ( ot e—@)vib?/;/’TJ lj_ N D,
— _

L 3n-6 @ 'bj 2 e Vlbj/T
C, =3R+R =
' JZ:; ( T j (1_e—®vib,j/T)2 e




Comparison with Experiment PFIG-37

For H,0, ~ VN
O,, = 2290 K, 5160 K, 5360 K i P
= /N
N E e
4.2 - P
/,//G/
Points are experimental e
~ 3.8 dataand the lineis /y
= calculated! // Theoretical: Nonlinear polyatomic
€ e B e (@ ) o017
o 3.4+ - C. =3R+R vib, j
// \ ; T (1_ e_G)Vib IT )2
3.0 |. | | | | |
300 500 700 900 1100
T/ K www

Figure 18.7

L}



What did we learn? PFIG-38

From statistical models, we can learn about thermodynamic
guantities.

We can connect the microscopic and the macroscopic through Q.

We can find Q through the molecular partition function, g, provided
our system follows Boltzmann statistics (i.e., # energy levels greater
than # of states).

From Q we can calculate thermodynamic quantities such as U or C,,.

You have some insight into why different materials have different
thermodynamics properties (e.g., think of how quantum mechanical
energy levels vary for different materials.

What's next? ... Classical thermodynamics and the laws
that govern macroscopic thermodynamic quantities. L 1
X

L}
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